Abstract. We prove that a residually nilpotent group with all subgroups subnormal is hypercentral and we bound the hypercentral length of a hypercentral group with all subgroups subnormal.
Introduction
A subgroup H of a group G is said to be subnormal in G if there exists a finite series
The length n of a shortest series from H to G is called the defect of H in G and denoted by dðH; GÞ. We say that H is n-subnormal in G (and write H p n G) if its defect is at most n.
Let N 1 be the class of groups in which every subgroup is subnormal. In [16, Theorem 1], Smith proved that if G is a periodic group that has all subgroups subnormal and is residually nilpotent then G is nilpotent. This result does not hold in the nonperiodic case, as examples in Smith [13] show; the examples are residually nilpotent, hypercentral of length o þ 1 and have all subgroups subnormal. However, it seems natural to study the general case, and we prove here that every residually nilpotent N 1 -group is hypercentral (Theorem 3.4).
Next, we study the hypercentral length of a hypercentral N 1 -group. We know that periodic hypercentral N 1 -groups are nilpotent (see [7] ) and there are no hypercentral N 1 -groups of length exactly o (see [15] ). In this paper, we prove that every hypercentral non-nilpotent N 1 -group has hypercentral length o þ n for some integer n d 1 (Theorem 4.5). It is not immediate how to extend Smith's construction to give nonnilpotent hypercentral N 1 -groups of length o þ n, for n d 2. Therefore we ask the following question: Question 1. Do hypercentral N 1 -groups of length o þ n exist for every integer n d 2?
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In this section, we prove some results about commutators and actions on nilpotent groups that are certainly known in the abelian case. We start with some notation. Given a group G, a subgroup H of G and x; y A G, we write ½x; i y for the iterated commutator of x and y, recursively defined as follows:
½x; 1 y ¼ ½x; y ¼ x À1 y À1 xy and ½x; iþ1 y ¼ ½½x; i y; y;
z n ðGÞ and g n ðGÞ for the nth terms of the upper and lower central series of G; G n for the subgroup of G generated by all nth powers of elements of G, and
H G for the normal closure of H in G and H G for the core of H in G; H c b G to indicate that for H c G the quotient G=H G has finite exponent; TorðHÞ for the torsion subgroup of H; I G ðHÞ ¼ fx A G j x n A H for some n d 1g for the isolator of H c G.
Commutators. The following elementary fact on commutators easily follows from the definitions:
Lemma 2.1. Let G be a group, x; y A G, n A N, and suppose that ½x; y; y ¼ 1; then ½x; y n ¼ ½x; y n .
Now we recall some well-known results about actions on abelian groups. Proof. Let C ¼ C G ðAÞ. We argue by induction on m, where jG=Cj ¼ p m . If m ¼ 0, then ½A; G ¼ 1. Thus, let m d 1, and let N=C be a maximal subgroup of G=C and x A GnN. Then, by the inductive assumption, ½A; k N ¼ 1, for some k d 1. Let
and by the previous lemma,
that is, ½Z 1 ; p G ¼ 1. Repeating this argument for all the factors of the finite series
where Z nþ1 =Z n ¼ C A=Z n ðN=CÞ for all n A N, we get ½A; pk G ¼ 1. r Lemma 2.4. Let A be an abelian group and x an element of AutðAÞ such that ½A; n hxi ¼ 1, with n d 1. If x has order q, then ½A
Proof. We argue by induction on n. If n ¼ 1 we have nothing to prove. Thus let n d 2 and set B ¼ ½A; x. Then ½B; nÀ1 x ¼ 1, whence, by the inductive assumption, ½A
by Lemma 2.1 we have
Similar lemmas extend easily to the case in which A is nilpotent; it is to be expected that the numerical values will depend on the nilpotency class of A. We start with a property which is valid in general.
Lemma 2.5. Let A be a ðnilpotentÞ group, and x an element of AutðAÞ such that ½A; n hxi ¼ 1, for some n A N. Suppose that A has finite exponent e d 2. Then ½A; hx
Proof. We argue by induction on n. 
By the case d ¼ 1 and the previous inclusion, we then have 2.2 Lemmas on N 1 . We introduce some definitions and lemmas which will be used in the two main theorems. We divide them according to their specific use in our proofs, starting with two basic lemmas.
Lemma 2.11. Let ðN n Þ n A N be a family of normal subgroups of a group G, such that N i d N iþ1 for all i and
For every n A N, there exist x n A F and y n A N n , such that u ¼ x n y n . Since F is finite, there exists an infinite subset G H N and x A F such that 
Lemma 2.13. Let N be a normal subgroup of the locally nilpotent group G. If N is hypercentral and G=N is finitely generated, then G is hypercentral.
Proof. Let S be a finite subset of G that generates G modulo N, and let H be the hypercentre of G. Assume that H 0 G. Then, since G=N is nilpotent, H H N, and so Proof. We may assume that G=A is countable (since if the property fails for some G, then for every integer n there exist a normal subgroup N n c A and a finitely generated subgroup X n of G such that ½ðA=N n Þ o ; n X n 0 1; then one may consider the subgroup of G generated by A and all subgroups X n ). Let fAa 1 ; Aa 2 ; . . .g be an enumeration of the elements of G=A, with a 1 ¼ 1. Set U 1 ¼ 1 and assume that, for 1 c n A N we have integers m 1 ; . . . ; m n such that, if U n ¼ ha . . . ; a m n n i, then A V U n ¼ 1. Now U n is a subgroup of the finitely generated nilpotent group hU n ; a nþ1 i, so it is polycyclic by [12, Corollary 8, p. 13] . Also, since A is periodic, A V hU n ; a nþ1 i is finite. By [10, Proposition 5.4.16] , it follows that hU n ; a nþ1 i has a subgroup of finite index which contains U n and has trivial intersection with A. In particular, there exists an integer m nþ1 d 1 such that U nþ1 ¼ hU n ; a m nþ1 nþ1 i has trivial intersection with A. In this way we get, by induction, a sequence ðm n Þ nd1 of integers such that, for all n A N, A V ha
for all x i there exists n i A N such that ½G; n i hx i i c hx i i. Then ½G; n i þ1 hx i i ¼ 1. Regarding x i as an automorphism, via conjugation, of the nilpotent group A, we have ½A; The following result of Brookes [1] provides one of the most powerful arguments in the theory of N 1 -groups.
Theorem 2.16 (see [1] 
In the study of groups with all subgroups subnormal of bounded defect, one of the main results is a fundamental theorem of Roseblade [11] , stating that a group in which every subgroup is n-subnormal (with n d 1) is nilpotent of nilpotency class bounded in terms of n. This result has been generalized by Detomi: . Let G be a locally nilpotent group and n A N. If G has a finite subgroup F such that H is n-subnormal in G whenever F c H c G, then G is nilpotent and g bðnÞ ðGÞ is finite, where bðnÞ ¼ 2rðnÞ þ 2 and rðnÞ is the function of Roseblade [11] .
A similar version of the previous theorem was exploited by Detomi to prove that a group under certain conditions is hypercentral.
Theorem 2.18 (see [4] ). Let G be a locally nilpotent group and n A N. If G has a finitely generated subgroup F such that H is n-subnormal in G whenever F c H c G, then G is hypercentral.
This theorem will be very useful in our proofs.
3 Residually nilpotent N 1 -groups 3.1 The class X 0 . We write X 0 for the class of all locally nilpotent groups G such that T ¼ TorðGÞ is nilpotent and G=T n is nilpotent for every n d 1. exponent. Since B is nilpotent, so is T by a result of Mö hres [5] . Now let n d 1. Then T n d B n , and so T n N=N is nilpotent. Thus G=T n is an extension of the nilpotent normal subgroup T n N=T n by a group of finite exponent. From the main theorem in [14] , we conclude that G=T n is nilpotent, thus proving that G A X 0 . r Note 1. In [2] , this result was proved only in the case when T is abelian, but the theorem holds with the same proof in the general case.
Now we prove an important technical lemma. Proof. We may assume that T o ¼ 1 by Lemma 2.14. Let r be the nilpotency class of G=T, let bðdÞ be as defined in Theorem 2.17, and set m ¼ maxfr; bðdÞg þ 1. Let n d 1. Then G=T n is nilpotent by assumption, whence, by Lemma 2.12, there exists a normal subgroup M n of G such that M n V T ¼ T n , and G=M n has finite exponent; in particular, H c b G for any H=M n c G=M n . Thus, by assumption, all subgroups of G=M n containing the finite subgroup FM n =M n have defect at most d. By Theorem 2.17, the subgroup g m ðG=M n Þ ¼ g m ðGÞM n =M n is finite. Also, by the choice of m, we have g m ðGÞ c T, so that
It follows that
is finite. By a famous lemma of P. Hall ([10, Lemma 14.5.3]), z 2m ðG=T n Þ has finite index in G=T n . Let H be a subgroup of G such that T n F c H for some n d 1. Then, setting Z=T n ¼ z 2m ðG=T n Þ, by what was proved above, we have that HZ has finite index in G, and so, by assumption, its defect is at most d in G. Clearly H=T n has defect at most 2m in ZH=T n . Hence H has defect at most 2m in ZH, and so H has defect at most c ¼ d þ 2m in G. (This holds for all n d 1.) Now, to show that every subgroup H d F has defect at most c in G, we may assume that H is finitely generated. By what was proved above, for every n d 1, T n H has defect at most c in G. By the definition of c, we have that ½G; c H c T. Thus
But H is a finitely generated nilpotent group, and so T V H c TorðHÞ is finite. Since we are assuming that T o ¼ 1, we conclude by Lemma 2.11 that
This proves that H has defect at most c in G. r
The first main theorem.
Recall that a group G is hypocentral if f1g is a term of the extended lower central series of G. For a group G we write
thus G is residually nilpotent if and only if g o ðGÞ ¼ 1.
Theorem 3.4. Let G A N 1 . Then the following conditions are equivalent:
(2) G is hypercentral; Proof. Let G be a N 1 -group and let T ¼ TorðGÞ.
(1) ) (2) We suppose that G A X 0 is a counter-example. By Theorem 2.16 and Lemma 2.13, there exist a (non-hypercentral) subgroup H of finite index in G, a finitely generated subgroup F of H and a positive integer d, such that every subgroup K containing F and of finite index in H has defect at most d in H. We may assume that H ¼ G and by Corollary 2.15 that T o ¼ 1. Let m d 1 be as defined in Proposition 3.2. Arguing as in the second half of the proof of Lemma 3.3 (using Proposition 3.2 in place of the first half ), one shows that every subgroup of G containing F has defect at most c ¼ 2m þ 1. But then, by Proposition 2.18, G is hypercentral, a contradiction.
(2) ) (1) Let G be a hypercentral N 1 -group. Then T ¼ TorðGÞ is periodic and residually nilpotent, so is nilpotent from [2] . Let n d 1 and C n ¼ C G ðT=T n Þ. Then G=C n is periodic by Lemma 2.5 and, since TC n =T n is nilpotent, from Lemma 2.12 there exists a normal subgroup M n of TC n such that M n V T ¼ T n and TC n =M n has finite exponent. Hence G=M n is periodic and therefore nilpotent by [6] . Since G=T is nilpotent (being torsion-free and in N 1 ; see [17] ) we get that G=T n is nilpotent for every n d 1, and so G is a X 0 -group.
(1) ) (3) Using Lemma 2.14, we know that T o c z m ðGÞ for some m A N. By the definition of X 0 , it follows that
(3) ) (4) This is clear by the definition of the extended lower central series. (4) ) (1) Let G be a hypocentral N 1 -group. Then its torsion subgroup T is nilpotent by [2, Theorem 3] and so there exists a positive integer m which satisfies the conclusion of Lemma 2.14. Suppose that G B X 0 . Then by Lemma 3.1 and Theorem 2.16 we may assume that there exist a finitely generated subgroup F of G and a positive integer d such that all subgroups H c b G that contain F have defect at most d in G. The quotient G=T is nilpotent, of class r, say; let t > r (so that g t ðGÞ c T) and write D=g t ðGÞ ¼ ðT=g t ðGÞÞ o . Now G=g t ðGÞ is clearly a X 0 -group, and application of Lemma 3.3 yields that all subgroups of G that contain FD have defect at most c, where c depends only on r and d. As ½D; m G c g t ðGÞ by Lemma 2.14, we conclude that every subgroup of G that contains F g t ðGÞ has defect at most c þ m in G. This holds (with the same c and m) for every t > r. Thus, if U is a finitely generated subgroup of G containing F , we have
where the last equality holds by Lemma 2.11 because U V T is finite. This implies that every subgroup of G that contains F g o ðGÞ has defect at most c þ m in G. Thus G=g o ðGÞ is hypercentral by Theorem 2.18. Let K ¼ g oþmþ1 ðGÞ; then G=K is also hypercentral and so it is a X 0 -group by the already proved implication ð2Þ ) ð1Þ. Hence G is hypercentral and a X 0 -group. r As a corollary, we give a result related to a theorem due to Smith [14] which says that nilpotent-by-(finite exponent) groups with all subgroups subnormal are nilpotent.
Corollary 3.5. Let G A N 1 and suppose that G has a normal hypercentral subgroup H such that G=H has finite exponent. Then G is hypercentral.
Proof. If T is the torsion subgroup of G, then T=ðT V HÞ F TH=H has some finite exponent n 1 . Let S ¼ T V H. Then, for n d n 1 ,
Now H=S nn 1 is nilpotent for all n d n 1 by the previous result. By [14, Theorem 1] , G=S nn 1 is nilpotent. Therefore G=T n is nilpotent for all n d n 1 , and so for all n A N. Moreover, T V H is nilpotent because it is periodic and hypercentral (see [7] ) and T is nilpotent too because it is an extension of the hypercentral periodic subgroup T V H by a subgroup of finite exponent (see [5] ). Now we can apply the previous result and the result follows. r 4 The hypercentral length of hypercentral N 1 -groups 4.1 Key lemmas. We begin with some observations which will be useful in the main theorem of this section.
Proposition 4.1. Let G A N 1 and suppose that its torsion subgroup is a nilpotent pgroup. Let F be a finitely generated subgroup of G and c A N, and suppose that every subgroup H with F c H c G has defect at most c in G. Then every subgroup of the form F hx 1 ;...; x c i has rank bounded by a function which is independent of the choice of x 1 ; . . . ; x c A G. is bounded by that of F G . We proceed by induction on s.
Let t be the rank of X and Y ¼ X p ; then Y t L and X =Y is an elementary abelian group of order p t . From now on, we will use the notation H ¼ HY =Y for every subgroup H of L. Firstly, we observe that r ¼ jF j c p k , where k is the rank of F , and every subgroup of L containing F has defect bounded by c. By Theorem 2.17, L is nilpotent with class bounded by a function s ¼ sðc; rÞ. Let p h be the smallest power of p larger than s. Then ½X ; p h hx 1 ; . . . ; x c i ¼ 1. By Lemma 2.2 we have
where L 1 ¼ L p h g s ðLÞ. Now L=L 1 is a group that is c-generated, s-nilpotent and of exponent smaller than p h , where p h depends only on s and s depends only on c and r; we can easily see that jL=L 1 j c t, where t ¼ tðc; p h ; sÞ ¼ t 0 ðc; rÞ. We conclude that
Since X is an abelian group generated by the conjugates of F , we see that The quotient X =X 0 is abelian and its rank is bounded by some r independent of the choice of x 1 ; . . . ; x c A G. By a theorem of Robinson [8] , there exists an epimorphism 1 c X =X 0 ! g c ðX Þ=g cþ1 ðX Þ; for all c c s. Since X =X 0 is r-generated, both the tensor power and the central factor are at most r c -generated. Since g sþ1 ðX Þ ¼ 1, it follows that X has rank at most r þ r 2 þ Á Á Á þ r s . r Corollary 4.2. Let G be a group in N 1 with torsion subgroup a nilpotent p-group, let F be a finitely generated subgroup of G and c A N, and suppose that every subgroup H with F c H c G is c-subnormal. Then every subgroup of the form hF ; x 1 ; . . . ; x c i has bounded rank, which does not depend on the choice of x 1 ; . . . ; x c A G.
Proof. Let x 1 ; . . . ; x c A G. We have X ¼ F hx 1 ;...; x c i t hF ; x 1 ; . . . ; x c i and, by the assumption, every subgroup of hF ; x 1 ; . . . ; x c i=X has defect at most c. By Roseblade's theorem [11] , the group hF ; x 1 ; . . . ; x c i=X is nilpotent with class at most rðcÞ and it is also generated by x 1 X ; . . . ; x c X . Thus hF ; x 1 ; . . . ; x c i has rank bounded by c þ c 2 þ Á Á Á þ c rðcÞ from the previous theorem. Since the rank of X is bounded by an integer u independent of x 1 ; . . . ; x c A G, we have that hF ; x 1 ; . . . ; x c i has rank c þ c 2 þ Á Á Á þ c rðcÞ þ u, which is independent of the choice of the elements x 1 ; . . . ; x c A G. r where r A N. Consider the series
where for all n A N Z nþ1 =Z n ¼ C A=Z n ðG 0 Þ:
We proceed by induction on r. If r ¼ 1 then ½A; G 0 ¼ 1 and C G ðAÞ d G 0 . Therefore G=C G ðAÞ is abelian and, by the previous point, we conclude that ½A; s G ¼ 1, where s ¼ c þ m. Suppose that the result holds for r; we want to go to the step 
Then W i; p ðTÞ c z r ðGÞ, where r A N depends only on p; thus T c z o ðGÞ. In particular, G is hypercentral and its length is at most o þ n, for some n A N.
Proof. We may assume that T is a p-group for some prime p. This holds for each i and so T c z o ðGÞ. Now G=T is nilpotent because it is torsionfree and an N 1 -group; so G is hypercentral of length at most o þ n with n A N. r 4.2 The second main theorem. Theorem 4.5. Let G a hypercentral N 1 -group. Then W i; p ðTÞ c z r ðGÞ, where r A N depends only on the prime p; thus T c z o ðGÞ. In particular, the hypercentral length of G is at most o þ n, for some n A N.
Proof. By Theorem 3.4, we have G A X 0 . As in the previous theorem, we may suppose that T is a p-group, for some prime p. By the theorem of Brookes, there exist d A N, H c G of finite index and a finitely generated subgroup F of H such that every K with F c K c H and jH : Kj c y is d-subnormal in H. If H is nilpotent, G is too; otherwise H is not torsion-free by [17] and H V T 0 1. Suppose that we have already proved that for all i A N there exists r A N such that W i ðT V HÞ ¼ W i; p ðT V HÞ c z r ðHÞ. The quotient G=H G is finite and acts on the Hcentral factor T k of W i ðT V HÞ for k ¼ 1; . . . ; r. Each T k is abelian and has finite exponent, and so it has a finite characteristic series with elementary abelian p-group factors (of length r, say). Therefore we may suppose that T k is an elementary abelian p-group. Now C ¼ C G ðT k Þ d H G and so G=C G ðT k Þ is finite for 1 c k c r. By Lemma 2.3 there exists m A N such that ½T k ; m G ¼ 1. Thus ½W i ðT V HÞ; mr G ¼ 1 and W i ðT V HÞ c z mr ðGÞ. Since G=H G is finite and locally nilpotent, it is nilpotent; therefore there exists t A N such that Since i is arbitrary, we may assume that H ¼ G by the previous observations. Now 
